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MATH327: Statistical Physics, Spring 2023
Tutorial activity — Lattices

In the lectures we are focusing on simple cubic lattices with periodic bound-
ary conditions, but other lattice structures play important roles in both nature and
mathematics. Some of the remarkable electronic properties of graphene, for ex-
ample, are due to its two-dimensional honeycomb lattice structure, while more
elaborate three-dimensional lattices play central roles in the search for materials
exhibiting high-temperature superconductivity.

The figure below shows three simple two-dimensional lattices, each of which
has a different coordination number — the number of nearest neighbours for
each site (with periodic boundary conditions). We have already seen that the
square lattice has coordination number C = 2d = 4, and generalizes to simple
cubic and hyper-cubic lattices in higher dimensions.
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The honeycomb lattice of graphene has a smaller coordination number C =
d + 1 = 3, and generalizes to ‘hyper-diamond’ lattices in higher dimensions. Fi-
nally, the triangular lattice essentially fills in the middle of each honeycomb cell,
leading to coordination number C' = 2(d + 1) = 6. Its higher-dimensional gener-
alizations are known as A? lattices, of which the simplest example is the three-
dimensional body-centered cubic lattice shown below. Also shown below is the
‘kagome’ lattice, which has the same C' = 4 as the square lattice, illustrating that
the coordination number is insufficient to completely characterize a lattice.

\ i \ / \ "/ \,‘ /‘_/
B
\ / \ / / \
\./ e \ \/
o . s s
VA" /N LN LY,
7\ o £\ /N
o ._._,w_x:,h,,‘\, TEaST . "HEE . S
/ K.\ / k\\ /"/ “\» / \\
= \/ 7
®
\ / X ‘,f /
A WA N
\ / NS N \\ /
# X X X
/ \ / \ Ak N
G, "SR S, “ NS S, "W
/ \ "\ 4 \
\./ \ / \ /
msestudent.com/body-centered-cubic-bcc-unit-cell " /‘ "y i
orglwiki me-lattice-bw.svg

MATH327 Tutorial (Lattice) 1 Last modified 4 May 2023



- = £ GaS = ’i_ * C f 3
£ T[@st N s, T %kjs,t HE s

Sa"\re > c(asJ« ;wm ex pressiin Fa,f ,74,{. R"/’.C, ~

Sun,  over Wq?vtef(%{wn;

()= | (] dm

wi=§~1 /

Qr;;amZe aJs

Z//

-¥‘VIJ i (h 7L?.VM)’ d} m



Ki: 0 Ky 1 Kj3: 3 K4: 6

Ks: 10 Kg: 15 Kr: 21

/

4
%

<
il
%w
<
N\
X

S
g
£
[ 7>

)
A
%

=
%)
x5

—~\ZZ—

i
el
\“ ",

N,

S
%',

5

NS
»
Ly

2

{

N

en.wikipedia.org/wiki/Complete_graph
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